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INTRODUCTION 

The postulate of a luminiferous ether, in which all matter 
is immersed, is quite generally accepted by physicists as the 
most satisfactory hypothesis upon which to base an explanation 
of the phenomena of radiation. The ether drift experiment was 
originally conceived as a means of experimentally testing, and, 
if possible, verifying this hypothesis. James Clerk Maxwell 
was probably the father of the idea, for it was an article 
which he wrote for the 1878 edition of the Encyclopedia Britan- 


nica which first called attention to the effect which this 


experiment endeavors to measure. The article pointed out that 
if there does exist a stationary ether in which the earth is 
moving with some absolute velocity, and if light is transmitted 
through this medium in the form of waves or vibrations, then 
due to the time required for transmission, a path in the direc- 
tion of motion would be slightly lengthened as compared with a 
similar path perpendicular to the motion. However, since any 
attempt to measure the difference between these two paths must 


require the light to pass from the source to the end of the 


| path and back again to the source, the shortening of the return 


path would so nearly counteract the increase of the forward 


path that he concluded: "The change in the time of transmission 


of the light on account of a relative velocity of the ether 
equal to that of the earth in its orbit would be only one 


hundred-miliionth part of the whole time of transmission and 


would, therefore, be quite insensible,." 


In 1880, while a student at the University of Berlin, the 
late Professor Albert A. Michelson devised the instrument now 
known as the "Michelson Interferometer" as a means of experi- 
mentally testing the stationary ether hypothesis. By means of 
this device a beam of light, falling upon a half silvered 


plate, is divided so that each half proceeds along a separate 


| path in a different direction. At the end of each path, each 


beam is reflected and returned to the source where the two 
beams are again united and sent out in directions almost paral- 
lel. As a result, the wave fronts of the reunited rays inter- 
fere, alternately re-enforcing and destroying each other and 
setting up interference fringes. As the instrument is rotated, 
first one arm has the longer effective path and then the others 


SO that teesewinterference fringes, which are actually due to 


the phase relationships between the wave fronts of the reunited 


rays, *wilileundergo slight shifts, the relation being such that 
an effective change of one wave length in the length of one 
path as compared with the other will result in a movement of 


the fringes equal to one fringe width. Of course, this effect 


is dependent entirely upon the assumed fact that the instrument 


is moving in a stationary medium, and that the light is being 
transmitted in this stationary medium entirely independent of 
the motion of the source, If the stationary ether hypothesis 
is not correct, no displacement of the fringes should take 
place. 


Michelson, and later Michelson assisted by Professor 


. these investigators, as well as an exhaustive analysis of very 


| herent in motion itself causes the particles of a solid to 


Edward W. Morley of Western Reserve University, as well as 
several other scientists, have at various times constructed 
interferometers, and conducted careful experiments for this 
expected fringe shift effect. Professor Dayton C. Miller, in 
an article which appeared in the July, 1955, issue of the Reviews 


of Modern Physics presents a summary of the results of some of 
| 


extensive investigations of his own. The conclusion reached 

by Professor Miller, and at present undisputed among physicists, 
is that a small, actual, periodic fringe shift is obtained, but 
that it is entirely too small to be accounted for on the basis 
of the stationary ether hypothesis. The orbital velocity of 
the earth has long been known, and the actual fringe shifts ob- 
tained were much too small to account for a relative velocity 
between the earth and the ether of even this amount. 

The earliest work in this experiment, carried out by 
Michelsom in 168% and repeated in 1887, had “also indicated an 
almost null effect so that physicists set themselves to the 
task of discovering a suitable explanation. In 1891, Professor 


Fitz Gerald of Dublin offered the theory that something in- 


shrink together in the direction of motion just enough to offset 
the expected increase in the length of path, thereby destroying 
the expected effect. In 1895,Professor Lorentz of Leyden put 


this theory on a firm basis mathematically, and showed how it 


| 


is possible that the one effect exactly offsets the other. | 


| tions which would lead to a nuil effect of the ether drift came | 


|of a massive star the wave length becomes slightly more, are of 


The next development of this attempt to postulate condi- 


in 1905 when Professor Albert Einstein announced his Special 


Theory of Relativity. This also leads to a shortening of a 


material body in the direction of motion, resulting in a null 
effect of the ether drift. However, in view of the definite, 


positive effect recorded by the exhaustive work of D. C. Miller, 
even though this effect was small, an hypothesis which leads us | 
to expect a null effect is not much more comforting than the | 
original stationary ether hypothesis. It is quite satisfying, 
then, to examine the broader and more flexible postulatesof 
Professor Einstein's General Theory of Relativity announced in 
1915 and to note that they may be modified in such a way as to 
include any relative velocity of drift. Certainly such achieve- 
ments of the General Theory as accounting for the advance in 

the perihelion of mercury, predicting the bending of a ray of 
light when it passes through a strong gravitational field and | 


predicting that when the source of light is in the atmosphere 


such consequence as to lend great support to the General Theory. 
Phe special Theory, on the other hand,®with its prediction ofa 
null effect to the ether drift experiment, may only be an 
approximation of the General Theory, and thus not actually be 

in Violausmeneorert. 


It is the hope of the author that this paper may prove of 


help in answering the ether drift question. The original 


experiments of Michelson and Morley, as well as the more recent 
extensive experiments of D. C. Miller, were all carried out by 
> means of a rectangular interferometer, that is, one in which 
the divided beam followed paths perpendicular to each other. 
|Barly last fall the writer and Dr. Royal M. Frye attended the 
meeting of the American Physical Soclety at Wellesley College 
where Mr. W. B. Cartmel presented a brief paper claiming that 
forethoegreatestefringesshift efifect.the arms of an, inter- 
ferometer should be inclined forty-five degrees to each other, 
Mr. Cartmel gave a formula, discussed briefly in another part 
Jof this peper, in which the fringe shift is given as a function 
of the angle between the arms as well as the orientation with 


VESpecy Lemenc Giroction of drift. At the suggestion of Dr, 


Frye, certain checks were applied to Cartmel's formula, and in 


at least one respect the formula looked very unreasonable. How- 
ever, the author decided to investigate the problem himself, and 
the work contained in this paper is the result. 

A brief discussion of Cartmel's work is included in the 
conclusion, Qualitatively, the writer agrees with him, but 
the form of the author's equation of shift is quite different. 
in fact, Beemequires en evem greater fringe shift than does the 
formula given by Cartmel. Compared to the fringe shift which 
may be expected from a rectangular interferometer, the writer 


+ 


has shown that an interferometer with arms inclined at forty- 


» degrees should show a shift over twice as great. 


The foregoing remarks are intended to make clear the 

function of this paper. Certainly, no satisfactory theory 

of the nature of the ether is tenable until the question of 
the ether drift is settled satisfactorily, and if the looked- 
for effect of the ether drift experiment is more than doubled 
by simply changing the arms of the interferometer to meet at 
forty-five degrees, it would seem as if anyone undertaking the 
experimental investigation of this problem would want to take 


advantage of this fact. 


as 


REVIEW OF THE WORK OF OTHERS 


The ether-cdrift experiment has a long and interesting 
3 history. As early as 1880 and 1881, A. A. Wichelson, while a 
student in Germany, conducted experiments at both Berlin and 
Pouscosn. Tress were the first experiments ever undertaken by 
anyone for the express purpose of detecting an effect of the 
second order due to a relative velocity between the earth and 


the ether. A second order effect is one proportional to the 


square of the ratio of the velocity of the earth relative to 
the ether. Previous attempts had been made, without success, 
Loudecucey amrirst order effect. | 


These earliest attempts of Michelson? 


were also without | 
success, but this is not surprising when we learn that he was 
using, at that time, an interferometer with a light path only 

a iittle more than one meter in length, Upon his return to 
Amemies , saaotcssor Michelson interested E. W. Morley, of the 
Case School ot Applied Science, in the experiment, and to- 


gether they repeated the investigation. This was in 1887. 


The base of the interferometer used in these experiments was a 
solid block of sandstone, and by means of repeated reflections 
of the beams, the light path was increased to something over 
Cen Meteesmiaeltonerhn, A small but positive effect was noted 


glo 


* | and reporte 5 out it was less than five per cent of the 
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A. A, Michelson, Am. J. Sci., 22, 120 (1881) 
10 a, A, Michelson and E, W. Morley, Phil. Mag., 24, 449, (1887) 


c 


magnitude expected. 

in 1900, E. WemMovleyeand D. C. Millemewere. present in 
Paris at the International Congress of Physics where Lord 
Kelvin expressed the conviction that the ether drift experi- 
ment should be repeated. Accordingly, the two constructed an 
interferometer having a light path of about 214 feet. They 
first used a framework of heavy lumber, but this was soon re- 
placed by one made of structural steel and floated in a tank 


ike 


of mercury. Between 1900 and 1907” many observations were 


| made, some in the basement of the Case School and later at a 


site on Buciid Heights, Cleveland, which was in comparatively 
open country: 

About this time Professor Morley retired from active work 
and nothing more was done for a number of years. In 1921, how- 
ever, Dp. CG, Miller resumed the investigationsalene, and the 
ether drift interferometer was set up at the observatory on top 
of Mount Wilson. Here the slevation was over six thousand feet, 
A series of observations were made at Mount Wilson, and then 
the interferometer was returned to the laboratory in Cleveland, 


Wheresmamyeieei ais wore mace during 2922.and 1925.. In 1924, it 


| was returned again to Mount Wilson where further observations 


were made, this time with improved temperature controls. 
Altogether, over one hundred thousand readings were taken 


with this instrument, representing the most exhaustive study 


in this field. The analysis and summary of the results of this 


10 


at 


investigation are reported at some length in the Reviews of 
Modern Physics’+, woOgethiom Withea Lalrly complete history of 
the efforts of™D. C.*"Miller. The*conclusion reached by Miller 
is that there exists a small positive fringe shift, equal in 
magnitude, however, to only about five per cent of the ex- 
pected effect. 

Other investigators have also studied the ether drift 
problem, iti, Kennedy’ and E. M. Thorndike carried out ex- 
periments on an interferometer of quite a different design. 
The arms were purposely made very unequal in length, and were 
not perpendicular, but were inclined at such an angie that the 
light reflected from the plate would be plane polarized. How- 
ever, a careful examination of the report of this experiment 
fails to show that the conductors had any idea that the effect 
for which they were looking would be increased by having the 
arms meet at this angle of about sixty-five degrees. They 
developed a theory based on the Lorentz - Fitz Gerald con- 
tractions and showing that no effect should be expected. If 
the Lorentz - Fitz Gerald contractions be assumed, the effect 
of the ether drift is null, and independent of the angle be- 
tween the arms of the interferometer. The length of the light 
path used was comparatively short, and the conductors reported 
only ansextremely, small effect, if any. 
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R. Js Kennedy and BH. M. Thorndike, Phys. Rev., 42, 400, 
(1932) 


Se! 


in 1927, Ax “i eostteoas and R. Stahel reported small 


Sefilectaucovewna win agreement with the results of D. ©. Miller, | 


while Georg Joos® in 1930 conducted a number of experiments on 


a rectangular interferometer and reported no satisfactory evi- 
dence gotmenwetioct, 

The theoretical side of the ether drift experiment has been 
treated by a number of writers. W. M. Hicks” of the University, 
College of Sheffield, England, wrote a lengthy discussion of 
it which appeared in the Philosophical Magazine in 1902. Hicks 
Cone ide rermespec el iyeune effect produced in a rectangular in- 
terferometer when the mirrors are not exactly perpendicular to 
the arms. According to him, this introduces a small first 
order effect which is singly periodic in a complete rotation 


of the anverferometer. This effect, however, is variable with 


the width between fringes, and although Miller believes this 
effect was present in his observations, he made no attempt to 
analyze or study it. Miller's entire analysis was of the 
second order doubly periodic effect, determined from his read- 
ings by means of the harmonic analyzer. 


Pie Ay Lorentz’, in his book "The Theory of Electrons" 
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ca A. Piccard and R. Stahel, Comptes Rendus, 183, 420, (1926) 
14 a. Piccard and R. Stahel, Comptes Rendus, 185, 1198, (1927) 
© g. Joos, Ann, a4. Physik, 7, 385, (1930) 
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W. M. Hicks, Phil. Mag., 3, 9, (1902) 
i. AQ lorenua, The Micory of Blectrons", B. G. Teubner, 
Leipsig 1916 


gives a discussion of the theory of the ether drift experiment, 
a 
and derives the well known result: @ 4 se 
Nees 


The theory of the ether drift experiment was also the sub- 
digs es 


ject of articles by A. Righi who argued that there should 


be no fringe shift detectable because while there is a differ- 


ence in the lengths of the two paths, upon rotation of the inter- 


ferometer, the two beams exchange places and hence cancel the 


heffectim Haak. Hedrick and Paul Si Epstein” both presented 


papers on the subject at the ether drift conference held in 
Pasadena, California, in 1927. These papers dealt mainly with 
the effect produced when the mirrors are slightly oblique to 
the arms. 

In his discussion of the regular ninety-degree interfer- 
ometer, Epstein states that the angle between the rays in their 
final paths is equal to: - cos 260, This corresponds to the 
angle H, given in this paper by equation 26. Comparison of 
this value given by Epstein and the angle given by equation 26 
shows that in the case of the interferometer with arms inclined 
forty-five degrees, the angle between the rays is greater. 

The "Ether Drift Conference" mentioned above shows the 


amount of attention which physicists have given to the ether 
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15 ,. Righi, Comptes Rendus, 168, 837, (1919) 
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A. Righi, Comptes Rendus, 170, 497 and 1550, (1920) 
E. R. Hedrick, Astrophys. J., 68, 3574, (1928) 


a 
P..S. Epstein, Astrophys. J.g.68, 585, (1928) 
Ether Driti Conference, Astrophys. J., 68, 552, (1928) 


arift problem, On February 4 and 5, 1927, a special confer- 
lenee was held at the Mount Wilson Observatory in Pasadena, 
California, which was attended by many prominent physicists. 
‘The entire conference was devoted to the subject of measuring 
the ether drift, and reports on various phases of the problem 
were presented by Michelson, Lorentz, Miller, Kennedy,Hedrick, 
and Epstein. Many others joined in the informal discussion. 


Finally, we come to W. B. Cartmelt, whom the author 
heard last November at the meeting of the American Physical 
Society at Wellesley, Massachusetts, At that time, Cartmel | 
presented, in abstract form, an article claiming that for the. 
greacvest fringe shift effect the arms’ of an interferometer 


should be inclined forty-five degrees to each other. Nr. 


Cartmel's formula gave the expected fringe shift as a function 


of the angle between the arms of the interferometer, as well 
as the angle of drift. However, due to the fact (as pointed 
out in the conclusion) that this formula apparently predicted | 
an effect when the arms are taken parallel to each other, the 
writer decided to attempt his own investigation of the ether 


adrift probiem. 


The writer has carefully looked over many reports, both 
of experimental investigations and of theoretical discussions, 
of the ether drift experiment, and with the exception of the 
statement by Cartmel, he has not found a single suggestion of 
the fact that the effect can be increased by using a forty- 
five degree angle of inclination. With the exception of the 
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W. B. Cartmel, Physical Review, 55, 108, (1938) _ 
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interferometer of Kennedy, all others seem to have been Pectane ut 
lar, and Kennedy shows no trace of having used an oblicue angled 
instrument with the expectation of increasing the effect. The 
writer believes, consequently, that this paper may help to call 
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| le EFFECT OF THE MOTION UPON THE RAY FROM THE SOURCE. 
: The first noticeable effect of the motion of the apparatus | 
’ is the fact that the ray from the source does not strike the 
lplate in @ direction parallel to the source arm, but in a 
‘direction slightly inclined to the source arm. | 
| In order to establish this fact, let us refer to plate l, 

and assume @ system of axes intersecting at the source, the x’ © 
axis parallel to the source arm, the y’ axis perpendicular to. 
ite Let P represent the position of the plate at the instant 


‘when @ spark is emitted at S. The spark travels in a station- | 


velocity of drift v, inclined at an angle © with the x' axis. 


| 
| 
ary ether, through which the entire apparatus is moving with a 
By the time the spark overtakes the plate, the plate will have 
advanced to 2 new position, as shown at 0. Since the spark h 
has been traveling in an assumed stationary medium, it will | 
appear to have come from point 5S, and not from some new position 
now occupied by the source- Hence the incident ray will make a 
small angle, PSO, with the source arm, which we shall designate 
€. We shall now find the measure of this angle €, and show 
that it is independent of SP, the distance from the source to 
the plate. 


| The distance SO is traveled by the ray with the velocity 


| 

| 

| 

¢ in exactly the same length of time as is required by the 
plate, moving with the velocity of drift v, to travel the dis- : 
) | 
| 


‘eae PO. Let t equal this common time. 


Then: SO = et and PO = vt tl 


‘ 
1 

I RT pa 
= 


ct sin(™ - @) 

al 
avd. 

or sin & = g sin @ (Eq. 1) 
mre in this investigation we shall include no terms beyond 
the second order of v/c, we may accordingly let: 

Vv 

é = siné == sin 9 (Eq. 2) 

| 2. ANGLE OF REFLECTION OF THE RAY FROM PLATE 0, ALONG 


| 
|THE ARM Ae 


| It is a well know fact that a ray of light, incident | 
"Roe &@ moving plate will, unless the motion is parallel to the | 


plate, be reflected away from the plate in such 2 way that the 


{ 

| 

} 

| 

angle of reflection is not exactly equal to the angle of | 
incidence. 
} 


If: g = the angle of incidence 


g'= the angle of reflection 


ec = the velocity of light | 


u = the velocity of the plate perpendicular to itself,’ 


positive when the plate moves away from the source: 


then the relation between the angles of incidence and reflec- 


tion is given by the following equation: 


go e+t+u g P 
tan a ne tan 5 (Mae) (7) 


We shall now designate as g' the angle of reflection of : 


the ray, as it is reflected from the plate, down along the arm i 


A of the interferometere We shall assume 2 set of co-ordinate 


——— ooo ae + 


— intersecting at 0, the position occupied by the plate at 


| the instant when the ray from S is incident, the x axis 
extending in the direction of the source arm and arm B, with | 
be y @xis perpendicular. The orientation of the apparatus | 
with respect to the co-ordinate axes is shown on plate 2. 
As is clearly shown on plate 2, where ¢g is the angle of 
incidence: : 
g=gt-e (Bq. 4) 
andu, the component of the velocity of the plate perpendicular 
to the plate, is given by; 
u =v sin(o + g) (Bq. 5) 
Substituting now in equation 3, from equations 4 and 5; 


, ¢ + v sin(e + 7/8) € 
tan Pa me sa / ae T = =) (Bq. 6) 


2° e-v sin(e + 7/8) 16 2 
The first factor of the right hand side of equation 6 may be 
expanded into a series as follows: | 
e/e +(v/c)sin(@ + 7/8) 


=1 2 in(9 1/8 2(yv2/e2 
c/e -(v/e)sin(o + 1/8) + 2(v/e)ein(e + 1/8) + 2(v*/e? ) 


sin®(Q + 7/8) + wo... (Ea. 7) 

Substituting (v/e) sin 9 for € in the second factor of equation 
I: 

| 


6 and expanding the resulting quotient into 4 series, we have; 


= (Jn eA oo tan(3/16)" - tan[{(v/2e)sin 9] 
Bec -_ 1 + tan(3/16)" tan[(v/2c)sin @] | 


= tan(3/16)™ - [sec?(3/16)"][(v/2c)sin 9] + [tan(3/16)T] 
[sec?(3/16)™][ (v?/4e?) sino] (Bq. 8) 
The product of the right hand members of equations 7 and 8 


@ 


result in the following equation, which defines g , the angle | 


of reflection of the ray along arm A3 
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sper ac tiahenad nh 


Bi 


2 16 c 


+ ea a hye 2(9 + 2) + — ta 7 sec T sin? 6 
te , — i a a 
- sin 6 sin(@ + © edd Ee us (Hq. 9) 
8 16 ; 


Values of the constants appearing in equation 9, taken 


from @n original table by Briggs, in the possession of the 


‘sei Public Library, and correct to ten decimal places, are 


as follows: 


tan (3/16)" = tan 33° 45' = .6681786378 


| sin (1/8) = sin 22.5° = .3826834324 
cos (17/8) = cos opts? = 9238795324 
| Sin (1/4) = cos (™/4) = «7071067813 


From these may be determined; sec® (3/16) =1.4464626920 


Hence, equation 9 can be written, by substituting the numerical | 


values of these constants, ass 
tan(g'/2) = .6681786378 + (v/e)[ .5114017893(sin © + cos @)] 
+(v2/e2)[ «0459188760 sin? @ + 3914099850 sin @ cos 9 


| + 21957049920 cos? 6] @@e.. 10) 9 (7) | 
| 3. ANGLE OF REFLECTION OF THE RAY FROM THE MIRROR AT THE 
| 


/END OF ARM A 
As may be seen from equation 10, tan(g'/2) > tan(3/16)", 


origin of co-ordinates has again been taken at 0, the Point of 


i Vv 3 Tt nl ( 
tan == tan — 7 + -—[2 tan —T7 sin(@ + —) - — sec*® Ele <6 8in 6] | 
1 8 2 16 


i 
| 


| 


| 
| 


h 


i 
i 
i 
\ 
} 


i 


and therefore g > (3/8)". Referring now to plate 3, where the | 


——<—————— rr 


| [ 
; 
‘ 
—<—_—_ | —— — -— — ae -— - =z — = ~ a —— 


by t the length of time required for the passage of the ray \ 


“ger of the ray from the source upon the plate, and denote 
‘from O to F, the point of incidence of the ray uPon mirror A. 
‘During this time t, the mirror will advance to a new position _ 
(marked position 2) but since it remains parallel to itself, it | 
is not necessary to take into consideration this change in a, 
tion while finding the angle of reflection. 
| Denote by g;' the angle of reflection at F. The velocity 

of mirror A in @ direction perpendicular to itself, is given by? 
v cos(®@ + = Hence, substituting again in equation 3, we 

3 ec + v cosle +(1/4)]j 1 ys 

a tan a(8) =5 T ) (Eq. 11) 


os See e¢ - v cosle +(1/4 
The first factor of the right hand side of equation 11 may | 


be expanded into a series as follows? 
Vv TI 
— cos + 
Seb cos(@ + 7 + <g7 cos (9 + rad 
c 


2 


2v eee 
= 1 + o[.-7071067813(cos @ - sin 6)]+ 2 gzela(cos © - sin e)*] | 


Vv y= | 
= 1 + g[1.4142135626(cos @ - sin 6)] + g2[1 - 2 sin @ cos 6], 
(Ege 12) {i 


The second factor may be expanded into a series in the following 


manners ' 
dior ton SP tom | 
g: | 


eat =) = 
. : la tan 7 tan 5~ 


16 


| 
) - = cos(Q + 7) 


ie the result of equation 10, we may write that the numer- 


‘ator of the above is? 


60a 


—_—-— a nar ee SSS —— a oar : — ———- or 


Vv v* 
@[ -5114017893(sin @ + cos @)] + ge[-.0459188760 sin® © + 
23914099850 sin © cos 6 + 1957049920 cos” 6] 


Y awe the denominator is’ 


2 
14464626920 + =[ «3417077509 (sin @ + cos 6)] + ~gl +0306820120 
sin® @ + .2615317906 sin © cos © + .1307658950 cos* 6] 


This denominator may be divided into the numerator to give a 


quotient which is as followse 


| 
3 t 
‘tan(& - =) = =[. 3535533907(sin 6 + cos @)] + aie - 00517766952 
sin® @ + 61035533912 sin © cos © +.0517766953 cos* 6] 


(Eq. 13) 


| 
| 
: 
Equation 11 shows tha t the product of equations 12 and 13 
" | 
gives the value of tan 3° ore | 
| 
| 
| 


| : 
| tan a sl 3535533907(sin 6 + cos @)] + 3 -+5517766954 sin*oe 


pee? to second order approximation, tan gi = gi,, we haves i 


| +.103553391 sin @ cos 6 en cos? 6] 
(Hae 14) 


2 
pr = «7071067814 (sin @ + cos e)= = “e[1-1035533908 cos* @ 


+ .2071067816 sin © cos © - 1.1035533908 sin® 2 ) 
Eqe 15 


4. ANGLE OF REFLECTION OF THE RAY AT MIRROR B | 

® We shall determine now the angle of reflection of the ray ' 
at mirror Be Referring to plate 4, it is evident that the | 

angle of incidence at mirror B equals angle &, which was defined 


————————————————————————— ————————————  —— ——_— 
it 
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ee ee 
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by equation 2. The velocity u, of mirror B, Perpendicular to 


itself, is? u=v cos ©. Hence, if we denote by B. the angle 


of reflection, we haves 


do e+ vecos@ 1 Zi , 
—, wane 26 


Vv 
Ls eq cos 3 


tan C sin @) (Eq. 16) 


ole 


1 -- cos 8 
c 


Expanding the fraction into a series and using the fact that to 
1 
second order approximations, tan 5 (< sin @)= ae sin 9) 


' 2 


ta == sin 9 + E in @ @ tessecers (mq. 17) 


5. ANGLE OF REFLECTION OF THE RAY FROM THE PLATE, AFTER 
RETURNING FROM MIRROR B 


We will refer once more to plate 4, which shows that during 
‘the passage of the ray from 0 to B and back again to the plate | 
at T, the plate has advanced in position,due to the velocity of 
aritt, but has, however, remained parallel to itself, and con- 


of incidence with the plete at T is c T + g’) and that the com- 


Tl 
to the plate is: v sin(@ + Sis Therefore, substituting in 


sequently in figuring the angle of reflection from the plate at | 
if, this change of position may be neglectede Let pr denote this, 

| 
angle of reflection. It is evident from plate 4 that the angle | 


| 


1 
4 


i 


i! 
nt 


ponent of the velocity of drift in the direction perpendicular | 


| 
| 
| 


I 
t 


| 


> 


) 

| 
into the seriess 
| 

i 


equation 3, we have the angle p" defined by. 


Tr 
" Cc - v s8in(®6 + 5) 1 
tan $2 = ——_______y- ten 5 (g™ + 9!) (Hq. 18) 
c + v sin(o + g) h 
In @2 manner similar to that used in the case of arm A, the first. 


factor of the above equation (the fraction) may be expanded 


Vv Ti 
1 - ¢ sin(@ + g) | 
Cc 8 2 Tt Oy? TT 
Vv TI Cc 8 c 8 
1+ 5 Same ») 
(Ha. 19) / 


The second factor may be expanded thus: rt 


3m $e | 
‘se talaga 


] 
tan(2 + ge) - = , 
a” oe, ng ee | 
aig a B 


Expanding this quotient into a series and evaluating the terms | 
of the series, gives. ! 
tan(= + ea) = 6681786378 + .7232313460 sin es 2 ~ ote 2416238677 
sin® @ + 14464626920 sin © cos ‘e] 

(Eq. 20) | 

Evaluating the right hand member of equation 19, we obtain | 


Sh a8? | 

1 - (1.8477590648 sin @ + .7653668648 cos @)e + g2(1+7071067808 | 
sin® © + 1.4142135626 sin 9 cos @ + 22928932188 cos® 6) | 

and the product of this by the right hand side of equation 20 


results in the following equations 


8 


tan = = 6681766378 - .5114017891 (sin © + cos @)= ez 
a 2 
¥ wel 0459188757 sin® @ + 1.8376726763 sin @ cos @ 
+ 1957049920 cos? 9] (Eq. 21) 


6- FINAL ANGLE BETWEEN THE RAYS 
Before continuing the investigation further, it will be 
Well to determine the final angle between the two rays, one as 
it is reflected from mirror A and passes through the plate, the 
| other as it returns from mirror B and is reflected from the 
| pletee Plate 5 shows clearly the paths of the two rayse It is 
' important to determine this angle between the rays, since if 
the rays should happen to be parallel, no fringes will be 
formed. 
Referring to the sketch on the previous page, it is seen 
that the angle between the rays iss 
Angle between rays = pa - g" - : - pi= an —6h er 
2 - 2 2 (mq. 22) 


The equations defining g" and p" ag already found, are. 


_ 2 2 . 2 
Eas =< [ -3535533907 (sin @ + cos @)] + ae 
2 c c 2 


+ 20517766954 (cos® 6 + 2 sin @ cos © - sin? 6)] 
(Hae 15) 


24 


a | + 1957049920 cos? 9] (Hq. 21) 
5 
From equation 21, it is evident that p" differs from 5 T by a 
small angle. Call this small angle 5 and proceed to find 6 
as follows: 
eo at 
Let p" saute (6 1s a small angle) (Eq. 23) 
then. 2 ~ 16 3 
" 3 v v2 
‘M20, let tan —2 - tan —T =f (where 5 = fle, “Bs etce ) 
2 16 x 
i TH = 
| ps 3ri tan 16 + tan 2 311 
Then? tan >~ = tan(T; Ho) = si ez tanyZt = 
1 = tén IG tan 5 
Clearing of fractions: 
3m — 3m 2 Sh ) 3m 8 
tan ye t+ tan 5 = tan rg +t x - tan Te tans - = tanyzg tan 5 
Reducing, this becomes: 
| 
| 5 & 6 5 By 6 5 
tan — + tan? — tan —- + © tan — tan -= 
| ao oa ie Yo Peg 2 
a | 


) 
tan 3(1 + tan® 


6681786378 = 25114017891 (sin @ + cos 6) ~+ - 
c 

| [ 60459188757 sin® @ + 1.8378726763 sin® cose 

| 


~~ 


c® 


1 
16 16 


5 Ti 
= + £ tan =) = tan5(sec* = 


+ tan ee 3) OS 


0 ee See bd SE tree 
er) eer) oe + ere thee ee Oe velo 
. | tend? Se 


- ) oe) ho ieee @ a ob] ty et terw 


ts) = 5 
an oy (sec? 2 ) 
sec* + tan a a ee 
| is Ie wes, (=) 
(tan = + 2) 


16 


Referring to equation 21, we see that 


2 
XL = -.5114017891 (sin @ + cos @)z + =2[ 0459188757 sin® 6 
+ 1.8378726763 sin @ cos @ + 1957049920 cos® 6] 


3m 
2 
set® = ‘ a y? 
set = K and let T= Ag+ Be 
Phe ar 
i 2 2 
then tan a = nut’ Saeed dln = bi te + oat es i 
2 Vv v2 Kec K K c 
¢ ¢ 
TT TT i 
5 1 ten A y «(tan me tan®aak® v2] 
Therefores tan = = a +( - ———— )—] 
2 tan & = _ sec? 2 see = om 
A 16 16 
Vv iad 2 mils t 
| a ee kr Gem ie 4 
au , 3m i 
| sec® ll 
| 16 sec 16 
| 
Vv v? v* | 
Since T= Ac+ Boe, LH? = A? — (to second order terms) 
e | 
| 
and we may writes 
| : 
} 
8 e tan a ; 
tan = = _ i - e166 (Eq. Oo ) 
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Evaluating eqQu@tion 22 in terms of known constants, and re- 
2 
placing x in terms of ~, <3» we gets 


| 


| 


oO 


2 
tan 5 = = .3535533905(sin @ + cos @)a+ “gl - 05177669545 sin® 6 
+ 1.103553390 sin 9 cos © + .0517766952 cos® @] 


| from which we derive the followings 
! 


¥ vr 
| 6 = -.7071067810(sin © + cos @) at ae [ -.10355339090 sin? © 
| + 2.207106780 sin @ cos © + 1035533904 cos? 6] 


(Eq. 25) 
As was stated in equation 22, the angle between the rays 
" 5 
e =e oe? . 
— 8 g. Br 3 
Also, by equation 23, 6° =a T + 6 


Consequently, the angle between the rays is: 


3 3 oF it 
So a > we = = > oe 


| f 
| | 
‘This may be evaluated by means of equations 25 and 15. If we | 
designee as H the angle between the rays, the result is: 


2 


Vv 
H = Fell -2071067517 sin® 6 - 1.2071067812 cos* 6 - 
24142135616 sin @ cos @] (Hq. 26) 


6(aj. THE ANGLE BETWEEN THE ARM A AND THE RAY FROM 0, 
GOING TOWARD MIRROR A 
An inspection of equation 9 shows that g. exceeds : T by i 


@ small angle, and this excess is exactly the angle between the | 


er vwedin Were: 
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| arm A and the ray from 0 along the arm.e Since we shall soon 
| want to know the magnitude of this angle we shall proceed to 


‘find it as follows: 

3 gi 3 

Let g? == + 6! oe -— * 

| | 2 i 

{ sn , 

' tan — + tan = 
oO, 16 2 


6! 
1 - tan — tan — 
16 2 


i] 3n 
Also let? tan — = tan — + =' 
2 16 


| Reference to equation 10 shows that the value of £' is: 


2 
=' = .5114017893(sin © + cos @)~ + —( 0459188760 sin® 6 
e oe 
+.3914099850 sin @ cos © + 1957049920 cos*® @) 


6! 
tan a + tan — 
16 2 301 
Consequently: —— ae ee tan 5 + ie 
1 - tan — tan — 
16 2 


Clearing of fractions: 


tan — + tan — = tan an + >! tan® a tan — - = tan ees 
16 2 16 16 2 16 2 


| an oy uf oe Ti 
| 
| 


6! 
Solving this for a we haves 


6! 


i eee: @ | = een ara Seana a aul ae 
sec” TF 2 
Again set ae =E andlet D'=al+ 5B a. 
tan — c Cc 
16 
v* 
ie + 2 = 
—s 6! Cc c® > ee 8 w v2 
Then? t&n Py = 3m - mm: are ork Cc +(F a x2 ol 
tan —(K+A—-+B-—) tan — 
16 Cc e*® 16 
Replacing the value of K* 
mM 3r 
ae 2 3T Ae 
| 5! 1 tan A . tan a tan = 
Wg Seo” | a /; he ~2 
2 3m Cg 1 c* 
| tan 16 8e¢* 5 see ® 2 sect 2 
16 16 
Vv 
= c +e ¥ an Cc 
sec® 2: sec? 2 sec* = 
16 16 16 


Evaluating this in terms of knom constants, results in? 


6! 


vv 
tan a= ©3535533907(sin @ + cos O)= + gz 605177669518 cos*® 6 + 
01035533913 sin © cos @ - 05177669528 sin? 96) 


(Ba. 27) 


7+ LENGTH OF PATH FROM PLATE TO THE MIRROR A 


We refer now to plate 6- The angle between the direction 


| an 
A B ae tan 16 v® 
| 


of drift and the direction taken by the ray along arm A is 


| 1 
(y+ © -6'). The components of v in the directions along and 


parallel to the ray are: 


= = «ons 


© “a (to i 


_t=", 9 ake | ete ae, °F 


. rer - 6 rae Poke eRe. 


=. = S * a Ore —s . 
ay OR al et ce NM ee ly a 
va mm cl! «) que! cell tee aa 


30 


TI 
parallel component = v cos(@ + al 5') 


Tl 
perpendicular component = v sin(@ + Th 6") 
while the ray is following the pa th OG, the mirror moves 


through 2 distance vt- Let NG represent the perpendicular 


mirror, and consider the motion of point G, on the perpendic- 


with the new position of the mirror. Point G, which will also 


ular mirror, while the ray pa sses from O to its intersection | 
move through the distance vt, may be thought of as having two 
motionse The component of vt 2 long the ra y carries G to a 

new position F', but the component perpendicular to the ray 
carries F’ to a new point F". Since we are interested in the 


pa th from 0, making the small a ngle 6' with OM, to the 


intersection of the ra y with the mirror passing through F", 
the actual path of the ray is OF. 
We refer aga in to plate 6, and consider the triangle Fr'F" 


| 
oO 


angle FF"F' 
90° 


angle F'F'RF 


Let t = time required for the ray to go from 0 to Fe Thens 


F F' 


tan 6' Sa? 
vt sin(6 + i oO) 


Therefore: F F' = vt sin(e + 5 - 5') tan 6! 
Then, sinces OF = 0G + GF’ - FF’, we haves 


I OF =z see 6' + yt cos(@ + r - 6') = vt sin(9o + 7 - 6') tand' 


| 
|Also, OF = et, gO. 


s 
ct =Lsec 5' + vt cos(6 + 5 - 6') - vt sin(@ + z =O )qayo 
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Solving for t- 


- L sec 6' 
a ' : ‘ 1 , 
e + y[tan 5’ sin(@ + —_ )- cos(@ + a )j 


Since 6' is a small angle, sec 5' may be expanded in series, 


and tan 5' replaced by 5', so we get: 


12 


6 
“ Ban 
‘te -L(l +3) 


WW ii 
c + y[6' Spal + gaye "bd= cos(@ + 7 - 6')) 


and since OF = ct we have? 
on” | 
= vane = (Hq. 28) | 
1 + <5! sin(@ + _ - 6! P cos(@ + i -5')] | 
Treating the coefficient of = in the denominator, | 
ft i 


& 
6' sin[(e + z)- oi] 7 (sin(e - 6') + cos(e - 6')] 


expanding on the right, replacing sin 6' by 5' and cos 6' by 


il 2 
(1 - = 6' ) we obtain for the right hand mamber: 


8 ; 

Ae sin @ - -— Bin 6 - 6'* cos @ + 8' cos @ - ooo ) | 
Pat sin 9] | 

Since the above is to be multiplied by , and since 5' is Ltselt 
a function of <, e etc., all the Renae within the bracket | 
involving more than the first power of 6' will vanish from 


| 
the product, so that the only remaining terms will be: : 
i 


b'y 
~mlO’ Sin @ + 6' cos 9] = = —(sin @ + cos Q) 
=r j Be xi 
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ay 
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In the same manner, treating the term: 


+ cos @ sin 6'] 


nh +2 t2 
= =[cos © - — cos 9 + 5' sin © - sin 6 + — sin © 
vA 2 i, 


+ 5' cos 6] 


Multiplying by - and dropping out those terms Which, 4s a 


a 
=/5 gl (cos @ - sin 6) + &'(cos @ + sin 6)] 
Hence, the denomin@étor of OF is: 


a's J ' 1 ag 1 
1 + 2) 7e >'(sin © + cos Bl-yptavs @ - sin 9) -=5'(sin9o + 


cos 9)] f2 


= 1 -p “(cos @ - sin 6) 
= page” So Siabal 

Referring to equation 27, we see that 5' is a function of - 
2 


2 
and inte? and consequently 5' will involve only the square of 
3 


the first order terme In fact: 


a | v* 
r (sin @ + cos 9)? se 


From this point on in the development of the problem it 


‘will often be found convenient to make use of the following 


substitutions. 
let: cos 0 + sin Oo =A 
cos © - sin @ =B (Bauations 29) 


uy 1 
cos[(9 + 7)- 6'] = =[cos © cos 5' + sin © sin 6' - sin 9 cos 6' 
we 


result, would be of higher order thén the second in ay we haves 
c 


| 
| 
| 
| 


Mmploving these substitutions and making use of the reduction 


of the denominator of equation 28 as already shown, we may 


writes 
A® vy? 
L(l + —~— — 
fe oo 
7 B 
ge 
4/2 ¢e 


and expanding this into a series and keeping only up to 


second order terms, we have: 


B AG +2 Be 
OF = L[l+ gl + —— = Sy (Hq. 30) 


We refer again to plate 5 and let FD be drawn from F parallel 
to the arm A. In order to determine the length of path from 
F back to the plate, it will be necessa ry to find the length 
FD- In the triangle FOD we have:. 


/mDo=zt -@ 
/ OFD = 8' 


2 FOD=0+ 5-8! 


- _ me Tyo at 
ma sin(9 + 7 o.) Sin((@ + 7) 6'j 
= a — Ntnée. Fp 2° - 
F sin(7" - 9) sin(@ + ie 


1 
(cos 89 - sin @Q) 
i i ie: 


eve §' - gin 
-(sin 9 + cos @) 


“2 


B 
(cos 6! ~ x Sin 6') OF 
Referring to equation 30 for the value of OF, and making 


approximations for sin 5' and cos 6' good to second order 


| or ee : 
a ol ree ee a Se ep eee i —— ——_ 


terms, we have: 


Z 
43 


A+ 2 @F lil B 1 


3, oO fo 2! - ae L (a.32) 
Cc 4 c® A 2 


2 


Since 5' (see equation 27) is a function of ~, en etce, 


certain terms may be omitted from the product. Hence: 


2 2 2 2 
= (9 See) ee ee: |e ee wh 
A 2 J2e /OAc 4, ef 


(Eq. 32) 
By referring to equation 27, it can be seen that if we make 
the substitution: 

let K = .0517766954 (Eq. 33) 
and define 5' by the following: 


$ 

= sal 2 K(cos® © + 2 sin © cos © - sin? @)] (Eq. 34) 
we have not altered the first degree term and have still 
preserved nine place accuracy in the term of second degree. 
From this point on we shall make frequent use of this simpli- 
fication. Then, making use of equations 29, we may express 6' 


as follows: 


2 


sta ee, (A? + A 2 ( 25 ) 
= ae 2 AB - B*) Eq - 35 


Substituting this va lue for 6' in equation 32, we obtain: 


= w BB (42 + 2 AB - B*)] L (ma. 36) 


| 
— —— 


8. LENGTH OF PATH FROM MIRROR A BACK TO PLATE 
We shall now refer to plate 7, Showing the path from | 


| | 
point F on the mirror A, to its intersection with the plate at | 
2 point which we sha 11 designate as H. In triangle FDE: 


Z DFE 
Z FED = = -@- g" 


LPDE=>+0 | 


rw 


ou 1" 
FD _ sin(j= - @ - gy) _ sin(45° + 9 + 2") | 
| FE “ein + 6) sin(45° + 4) | 
| Therefores 
| 


sin(45° + @)cos gi + cos(45° + @)sin g! | 


| 
2 
(cos @ + gin 9) | 
FE = ee ee ee ee 


a A FD (=) (Eq. 37) 
A cos #3 + B sin gu 
: DE sin ¢"' sin g3 
FD sin(135° - @ - $1) = sin(45° + @ + g") | 
From which: 
/> sin gi 
DE D (Bq. 38) 


~ A cos p" + B sin g} P 


In plate 7, Q represents the position of the plate at the 


* Prom this point on, whenever simplification results from the 


substitutions: a = eose + sinO® and B = cose - sin@, these sub- 


stitutions will be made without comment - 
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instant that the ray is reflected from F, and QP represents the 


position of the arm a t this instant. Point M is the inter- 
section of DF with the direction of drift through P. 0' 
represents the position of the plate at the instant when the 
ray from F is incident upon it. In the triangle FPM: 

Z MFP = 90° 

Z FMP = 45° + 9 

Z FPM = 45° - @ 


fu = L - PD and PM = DQ 
- - L- FD 
sin FPM= py or sin(45° - 9) = a) 
Q = ae = #2(L_ = FD) D (Hq. 39) 
sin(45° - 6) B 


where B as usual, equals (cos © - sin @). 


By use of equations 38 and 39 we have?’ 


‘5 sin gt (L - 
ap = pE+ gp = 72 8in ge lay y AIL - BD) 
A cos gi + B sin g} B 


First putting this over a common denominator and then sepa- 


rating the terms, this may be expressed as: 


— pr _ 4 cos gi FD 
0B = VALS - BUA cos BT +B Sin WD (BA. 40) 
In triangle HEO' we have? 
/ BO'H = a ae) 
7 W "W 
/ BHO' = (= + g") 


Z O'EH = 135° - 6 - g = / FED 


| ay 


| | 
—— = ——— a 48 = 
sin(= + @) sin = cos @ + cos = sin 0 
t 
EO" sin(= + g.) sin 5 cos g! + cos 7 sin g 
we 20 y 
Now, sin + = pee @ ehh, oo © = “2 tu/2 
8 e 8 2 
and by substitution of these values, and subsequent 
simplification, equation 41 may be written: 
| 
FH cos 9 +(/2 +1) sine 
EO' cos g" +(/5 + 1)sin g" 
'and substituting from equation 29 we have- 
| cos g! +(/2 + 1)sin gi! 
Eo' = A EH (Eq. 42) 
) A+ S228 
fo 


In plate 7, 0' represents the position of the plate at the 
instant when the ray is incident upon the plate at H. 


Consequently: 


Vv 
QE + FO' = Gl FE + EH) 


Substituting in this equation values already found for QE 
(equation 40), EO’ (equation 42) and FE (equation 37) we have: 


L A cos gi FD fo cos #1 +(2 + /2)sin gt 
Vals - 3h cos gs + B sin gry ]* JoA+ A -B ih 
A*FD 
= ¥ : + EN] (Hq. 43) 


A cos g! + B sin gi 


Solving this equation for EH, we obtain: 


A(/2 cos g} + ~ §) 
c 


= FD _72L 
| B(A cos g! + B sin g") B 


EH = 
72 cos py +(2 + /2)sin g" 


pd 
(1+ f)A - 2B . 


The reduction of this expression to a simple fraction results 


in the somewh@t complicated expression for EH: 


| 
A[(1 + JB)A - B](2 cos g! + 2 B)FD - L(A cos gy + B sin g") 


B Y2(A cos g} + B sin g")[cos gi +(1 + /2)sin g"] - 
1 2)A - BY 
2 (Eq. 44 ) 
B(A cos 6" + B sin g"){(1 + YS)A - Ble 


By making use of the substitutions for A, B and K as outlined 


in equations 29 and 33, equation 15 may be written as follows: 


sin ¢" = tan gf" = gf" = = of v_CAB - KB® + OKAB + KA® 

1 1 1 joe c® e J 

| (Bq. 45) 
"oe - uv eS BP "* 

and cos gb" =i) =(g)) a7 = at (Eq. 46) 


In equation 44 it will be found useful to employ the additional 


let M = A® + 2AB - B? (Eq. 47) 


_rosetneation 
1 this is done, we shall be a ble to write the values of the 


angles p" and 5' (see equation 27) as? 


> 


v? 


) 
= 35 5 se [AB + Ku) (Eq. 48) 
| 
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We shall now simplify the value given in equation 44 for 


EH- We sh@ll consider that the numerator consists of two terms, 


the first term being the coefficient of FD. The value of FD 


itself may be t@ken from equation 35, while cos p" is defined 


in equation 46, so that the first term of the numerator becomes: 


: + J/OKBM 


| ( 
L((/2 + 2)A® - /2 AB + “(1 + /2)A®B - AB®] + 


- —- -(2 + ear 


ie Bye 
4 


Considering now the second term of the numer@tor, we can show 


4in2 tes 


" i. pl AB 2 f = 7 

A cos p" + B sin p" A+ = i = v[AB + BKM anal (Eq. 49) 
The second term of the numerator in its entirety may be shown 
| to be equal to- 
| Vv v?. (/2 + 2)A4 
| Lt (v2 + 2)A* - /2 AB + aia © J2)A®B - AB®] + =sl + ean 

A®B/2 
+ 

4 


+ (/2 +2)ABKM +(/2 + 2)A?B? - Ape /o - /25*K11)} 
Since the numerator of the fraction in equation 44 is the 


reduces to the expression: 


L(2/2 KB*m - 2(2 + /2)Apku + Ape /d -(2 + /2)a2R2 12, 
Cc 


difference of these two terms, we see that the numerator 
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terme Substitution of the values of sin p" and cos p" from 
equations 46 and 48, and subsequent reduction, will give for 


the first term of the denominator the result: 


AB/2 + “(1 + /2)A*B + AB?) + ee A®p? +(/2 + 2)ABKM 


2 3 A®B 
+ B*KM/2 + Ape / - i 


The second term of the denominator becomes: 


Vv v7.1 + (2 ApS 
seed! A® - Ap? i | econ ee AS i 
gi(l + /27S5 ee) + el 75 B 5 J 


The difference of these two terms gives for the denominator of 
EH the value: 


Shp -~ BoB 


7 ] 


vi ¥* 
AB/® + 2ABe— + =e + /2)(A®B® + ABKM) + B®KM/S + 
(S 


Consequently we have for the value of EH: 


v= 
i L[2/2KB*M - 2(2 + /2)ABKM + AB? /S -(2 + /2)A*B®]o* 


Vv = oF... cS) 
AB/2+ 2AB* + wel (2 +/2)(A®B®+ABKM) + B*KM/O+ aaa ame 


and dividing to obtain the quotient: 


EH = Lee -(2/2 + 2)KM + B® -(1 + /2)AB] x (Eq. 50) 


Substitution from equations 49 and 36 into equation 37, 


| followed by subsequent reduction, results ins 
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QE was given by equation 40, and substitution of the vélue of 


FD from equation 36, followed by subsequent reduction, results | 


in the following value of QE: | 


| QE = Llg +(—= + Ss (Hq. 52) 


| 
EO' was given by equation 42, and substituting the value of 
EH from equation 50 into equation 42, (remembering that only 


2 
terms of the order of = or lower need be retéined) we obtain: 


eee - 2(1 + /2)KM + B® -(1 + /B)AB IS 


(Eq. 53) 
We wish to know the value of HO', so we refer again to 


triangle HEO',where we have: 


EH in EO'H _ sin( + 6) 
= #in 


8 q ee a ae 
HO sin HEO sin(2 hoe - g?) 


Consequently: 
T " 
eta te +. gp") 


HO’ = EH (Eq. 54) 


Tr 
Sin(— + @ 
n(e ) 


By the expansion of these functions, and the substitution of 
numerical values for the functions of = ana te is obtained: 


Z 
A& 
Aris Ua(- pe + ABS + BEM) 


=v in 
He oe elt cos 6 +(1 + /2)Sin 6 


) EH 


vy 
Since EH is a function of og, it will be necessary to keep in | 


| 


i wl 
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the numerator of the above only those terms which are of zero 


Vv | 
jorder in q- Substituting from equation 50 the value of EH, and 


ec 
subsequently reducing the result, we have. | 
2Ave + /2 L 2KBM v* 
HO =the + Be - (1 + JB Se 


“To+ BA -B/A 


(Eq- 55) 
The length of the return path of the ray from mirror A, namely, | 


“FH, can now be written as the sum of FE(equation 51) and EH 


(equation 50) as: 


v= A® B® 


B 
a = Ei aes tea Oe - oll + ZO -(1 + /2)83)) 
(Eq. 56) | 


< 


9. LENGTH OF PATH FROM O TO MIRROR B, AND FROM MIRROR B 


BACK TO PLATE. 
We shall refer now to plate 8. The incident ray at 0 


divides, and a part of it passes through the plate, making an | 


| angle equal to € with the x axis. Denote by t' the length of 

time required for the passage of this ray from the plate to 
mirror Be During this time the mirror will move from position 

| B' to position B. If e equals the velocity of light and v the 


| velocity of drift, then B'B = vt' and OB = ct'. Hence we have: 


On ct. 5 
B'B. vt' or OB= = B'B 
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~ “bb Bin © 
sin(@ - ©) 


| Expanding out this sine function, and replacing the functions 


of © by means of equation 2, we obtain: 


L 


OB = 
pod v* sin® 9 
=" wees’ © = eS 
Dividing this out we obtain the quotient: 


v* cos? @ +1 


Vv 
OB Ot tyyeore tae Sa) (Eq. 57) 


A+B v* 3A2 + 2AB + 3B? 
+ " «ee 
e* 8 


Vv 
or OB = L[1 + z } (Eq. 58) 


nN 


The plan for finding the length of the return path from 
mirror B back to the plate, shown as BT in plate 8, is as 
follows. Resolve v into two components, one parallel to and 
the other perpendicular to the returning ray. Let RS = vt = 
the amount the plate moves while the ray is returning. Then 
RW represents the component of motion perpendicular to the 
ray and WS represents the component parallel to the ray. If 
there were no motion of the plate, the returning ray would 
Strike the plate at J. But, due to the motion, the actual 
point of encounter is at T. Hence, the path of the returning 
ray is shortened by the amount JT. It can be seen that JT = 
CS, and that CS consists of two segments, CW + WS. It is 
also evident that the perpendicular component of the motion 
of the plate, RW, has the effect of shortening the path of 
the returning ray by the amount CW, while WS, the component 
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of motion parallel to the ray, shortens the return path by an 


additional amount equal to itself. This change in the position 
of the plate takes place in exactly the same length of time as 


thet required by the return trip of the ray, BT. 
Let OR, plate 8, equal the distance travelled by the plate 
while the ray from the plate at O is going to the mirror at B, 


OR = vt' and OB = ct' 
Let t equal the time required for the passage of the ray 
from B to T, the same time interval as that required for the 


and let t' equal the time required for this passage. Then: 
| 
motion of the plate from R to S-. Then: 


RS = vt and BT = ct 
Taking horizontal and vertical (x and y) axes through 0, let 
us find the co-ordinates of Be We shall denote the co-ordin- 
ates of B as (x, y,? 
x = 0B cos & 
ak 
The value of OB is given by equation 57, and cos © may | 


be found from equation 2, so that we have: 


2 


Vv Vv 
ae L{1 + ¢ cos 6 + ge cos* oO] (Eq. 59) 
Similarly: 
v Vv 2 { 
jo > - Se eins & -L[z sin © + sz Sin © cos 6] (Eq. 60) | 
|Using the same axes, let us call the co-ordinates of R, (xs yt 


| t 
| pea proceed to find them. | 
| ; 
‘eee +t! Vv 

— or OR = a@ (OB) | 
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Vv vy? II 
Hence: OR = L{[g + 2 008 9] (Eq. 61) 
and the co-ordinates of R will be: | 


* 
iH 


Vv v= 
OR cos 9 = L[g cos 6 + sz cos* 6] (Eq. 62) 


2 
ly = - OR sin@= - u= Sin © + - sin @ cos 9] (Hq. §3) 
¢C 


We note here that 2 30S thus showing that RB is parallel to 
the axis B of the interferometer, and since both OR and B'B 
m@éke an angle © with this axis, BR = Le 

Then, in the triangle JRB-; 


BR=L 
£ RBI = 6) 
Lorp= En 
ai wf 
LRIB= = B 
BR e BJ 
'sin RJB Sin JRB 
Ti 
Sin & = L 


Therefore. BJ =L a = a 
sin( - B.) cos gi - cot — sin g) 


Substituting 2 numerical value for cot > and evaluating the 
functions of Br by me@ns of equation 17 (note that a is a 
small angle, hence tan Br =" ein B = p.) and finally dividing 


the denominator into unity to obtain the quotient, 


e + 
wie sin® 96 +(2 + 2/2) 
c 


V 
9 be =i + a a /2)sin @ + 


Sin © cos @)] (Hq. 64) 
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We shall now resolve RS into two components, one parallel 
| to and one perpendicular to the returning ray. The angle | 


% 'between RS and the returning ray is (0 + gi). The component 


eet to the ray is: 


{ 


| Expanding this cosine function and evaluating the functions of | 
| 


> = RS cos(@ + g’) = yt cos(6+g" ) 


Bis we get. 
Vv v* 5 sin® © cos @ 
WS = vt[cos 9 - > sin? @ - re (Eq. 65) 


The component perpendicular to the ray is RW. 


RW = vt sin(@ + g.) which becomes: 
v v* 5 sin @ cos® 9 - sin @ 
RW = vt[sin @ + = sin @ cos 6 + Wa 


(Eq. 66) 
In order to find CW, we need to know the following angles. 


ee oft 
RCW 5 p. 


CWR = 90° 
oRN = Em 4g" 
2 


cW = RW cot(® - pis Which by equation 66 becomes: 
v v? 5 sin @ cos® 6 = si 
cw = vtlein @ + Z sin @ cos + YDSO coe” 6 - sin 9) 
c 


cot(s - g') (Eq. 67) 


In order to simplify equation 67, it will be necessary to 


expand this cotangent function into 2 quotient, divide this 
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Vv 
Quotient out and obtain 4 series in powers of G, and finally 


to multiply this series by the factor shown above, to obtain 
bad the value of CW. This work, while lengthy and of such a 
nature that it must be done carefully to avoid errors, is never- 


theless straightforward, and yields the result- 


CW 


vt[(/2 + 1)sin 6 + sin 9 =(2(2 + /2) sin @ + (1 + /2)cos 0) 


a 


_ (/2 + 1)(5 cos? @ - 1) 
4 


)j (Eq. 68) 


may be seen in plate 8, JT = CS = CW + WS and since WS 


is given by equation 65, we may write: 


cs = vt[(/B + 1)sin 0 + cos @ + s[ (2/3 + 3)sin®? 9 +(1 + 2) 


19 + 12/2 


5 sin® © cos 9 


v? 
sin 0 52(6(2 + J2)s8in @ cos 0 + 2(4 + 3/2)sin® 9 
| 
2 
sin 9 cos 0] + —[2(1 + /2)sin @ + 
Cc 


aE 
r Sfae sin® @]] 


(Bq. 69) | 


Now, BT + TJ = BJe As already stated, BT = ct, TJ = CS, which 
is given above in equation 69, and BJ is given in equation 64. 


Consequently the &bove becomes: 


jet + vt{[(/2 + 1)sin @ + cos 0 + <( (2/5 + Jism o + (1 + /2) 


oe 19 + 12/8 
Sin @ cos 6) + =ar2(1 + /2)sin 9 + ———¥ @ cos 0 + 
3 11 + 7/2 a7. Tet 
f= sin® o}] = coe <sin oClge ye) + cel sin® 9 
+(2 + 2/2)sin @ cos @]) L (fq. 70) 
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The above equation solved for t, gives the length of time 
required for the passage of the rey from B to T, and of the 
movement of the plate from R to S. Solving equation 70, we 


have: 


v* sin? @ 


1 ® - 
t = Z[1 - geos @ + a(S + cos? 0 + 2(1 + /2)sin @ cos 9) JL 


(2g 71) 


From this follows the results: 


Vv v2 Sin® 96 
ST => et = Lil - gq eos r+ = = + cos® @ + 2(1 + /2) 
eC 


sin @ cos 9@)] 


vy, ¥ 
RS = vt = L{t - a cos @] 


These results, in terms of A and B (equations 29) become: 


vA+B  v? 7A® - B®? + 2AB + 4/2A® - 4,/dp? 


BT >’: S— > ec a ic 


iT 
a 
pe 
~~ 


Cc 2 c 8 
| 
2 A+B | 
c ] 


J (Eq- 73) | 


10. EQUATIONS OF RAYS IN THEIR FINAL PATHS, AND CO-OR- 


DINATES OF THEIR POINT OF INTERSECTION 
| 
| finding of the equations of the two rays in their final woaney| 


| The next step in the solution of the problem is the 
the one 4s it is reflected from the plate at B, and the other 


as it is reflected from the mirror A a t F, and passes through 
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the plate at H. We shall just find the co-ordinates of point 


F, designating them as (Xs Vp 


rectangular axes with the origin at 0, plate 6, with the x axis 


coinciding with arm B of the interferometer at the instant the 


ray from the source is incident at 0. With these assumptions, 


we have. 
X = OF cos(T - 5'), which, by means of equations 30 and 35, 
becomes: 
x. Spel ee eee a’) + cui - he? +) oe. pe) 
rt fe Cw Ab e* 2 
Vp = OF sin(> - 5') which reduces to: 
- A z AR - Re 
= x01 © SP pyre apap - mp2 + 22) (Eq. 75) 
G J/2 a: Cc c® 2 


The reflected ray from F makes an angle with the x axis equal 
to r + gr) (see plate 7). Hence the slope of this line 

is tan(F Gr 3") which may be expanded into a quotient, and 
divided out to obtain: 


2A A? v® 

tan(— + g") = 1+ —- et 2(AB + A*®K + 2KAB - KB*® + Se 
4 i f2 Cc 2 

(Eq. 76) 


Writing the equation of the line through F having this slope 


in the well known point slope forn, 


ha. it 1" 
a tan(; 2s BY Ux = Xp] and reducing the result, we obtain 


). Again, let us assume a set of 
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(Eq. 77) | 
We shall now find the co-ordinates of T, and the equation 
of the ray which is reflected from the plate at T. We denote 
the co-ordinates of T as (x, ys and remembering that we 
have already made use of the co-ordinates of B, denoting them 


as (x,, y_) we have: (see plate 8) 


Ix, is given by equation 59, BT is civen by equation 72, and 
cos g may be found from equation 17, 

Likewise, y = y_ - BT sin oo which may be evaluated by 
means of the ca mentioned equations and equation 60. 


| 
| 
xX = xX, - BY cos B 
| 
Carrying out the necessary substitutions, we get: 


Vv 2 
x, = L[2 cos @ g - (2 + 2/8)sin 6 cos 4] (Eq. 78) | 
Cc 
| 2 
Vv = 
| % Cc 


[By referring to plate 5, it may be seen that the ray which is 


5 
‘reflected from T makes an angle sa Tt - g") with the x axis. 


Vv ; | 
= -L[2 sin @ — + 2 ~. sin @ cos @] (Bq. 79) 
Consequently, the slope of this ray is given by the tangent 
of this angle. Substituting in the above expression the value 


of Z° given by equ&@tion 23, it becomes the angle (z - 5), 
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and by suitable reduction, the slope of the ray becomes? 


u Nag, Wee 2 2 
ten( ~@)= 1+ Bios —[B* + 2e(B* - 4°) - ARAB] 
Cc 


TT 
The equation of the ray through T, making the angle (7 - 6) 


with the x axis, can then be written as: 


2 
Ww «et 
x[1 + A/2 =? cal Be + 2K(B® - A®) - 4KAB)] - y = 2L[ (cos 6 + | 


Vv 2 
sin @)< + —(a/2 cos @ - /2 sin 8 cos @)] 
c 
(Eq. 80) 


By making use of our substitutions for sin © and cos 6 in terms | 


of A and B, as outlined in equation 29, we may write the 


rs through T: 


| 
equations of the two rays (equations 77 and 60), as follows: | 
‘ 


| % _ i 
x[1 + A/2 > + —=(B* + OKB® - OKA® - AKAB)] - y = 2L[AG + a 
(e 


Jo(A® + 2AB + BF); (Eq. 81) 


4 


a through F. 
2 


Vv Vv Vv 
x[1 + AY2 ¢ + ~Ta(> OKB? + 2 KA? + 2AB + A? + 4KAB)] = 2L[A ¢ + 


o> Ae e, 
Gal ¥2AB + /OKA® + ‘= + 2/CKAB - /OKB*®)]+Y 


(Eq. 82) 
Subtracting equation 82 from equation 81 gives: 
> L 
2? = (Eq. &3) 
f2 


bna substituting this value of x in either of the above 
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jequations will give for the y co-ordinate of the point of inter- 


section: 
> < pee a2 Me Seem? (1 + ak )ae -2(1 + Lidl as 
JD OF ao® , 
| et us denote this point of intersection of the two rays as the 
oint Z, and designate it by the co-ordinates (xo y,): Hence 
e would haves 


| 
| 
| 


L, y= ee =f. + a /2(2KB® -(1 + 2K)A® 
7) = a: e : 


+ Rae BY (Eq. 85) 


ll. WAVE LENGTHS OF THE RAYS ALONG THE VARIOUS PATHS 
It was stated early in this paper, and is proved in the 
appendix, that the law governing the reflection of light from 


& moving plane surface is as follows: 


g" e+u g 
ean 3- a ee SB (Eq. 3) 


where g' = the angle of reflection, g = the angle of incidence, 
ec = the velocity of light, and u = the velocity of the reflect- 


ing surface, positive when the surface moves away from the 
source. 
) Due to the fact that the angle of reflection suffers 2 


slight change, the wave length of the reflected ray will also 
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be slightly altered. The law according to which this change 


takes place is given by. 


S sin g' oy) (Eq. 86) 
: ge g 


Where £ represents the wave length before reflection, g, the 

angle of incidence, ¢', the angle of reflection, and =', the 
wave length after reflection. Combining equations 3 and 86, we 
ay derive the equation: 


>! ¢* Sa BE (=) 


u® = 2eu cos ce” + u® < dou cos p ee eT 


We shall calculate first the wave length of the ray along 
he path . a O to mirror A. In this case the angle of incid- 
ence =( T -— sin @) and the velocity of the plate perpen- 
ieular to a u =v sin(o + e Substituting in equation 


7, we have: 


c® - yv® sin?(6 + ur 


eT le a oS Ace 
c® + v® sin®(e + ©)- 2ey sin(e + 2) cos(2 vw - Deady 9) 
8 8 8 c 


where zt represents the wave length of the reflected ray, and 
© represents the fundamental wave length of the ray from the 


source. Dividing this out to obtain the quotient, we find thats 


(+) For proof of this law, see appendix C, page 76. 


(7) For complete derivation of equation 87, see appendix D, 
page 77- 
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Vv 2 
= + 2= sin(o + ©) cos(2 7 -¥% sine) + 2% pinto + ©) 
8 8 Cc c® 8 


| 
_ 3 v 
cos(=T - 2 = sin 6) 
| 4 Cc J 
| Which, upon expénsion of the trigonometric functions and sub- 


sequent simplification, becomes 


(Sin =) + z f2 cos Q) r pec 6 S J/2 2 
2 


2 eo 2 


' Vv 
& cetfetr — Sin © 
a c 


cos O + 


La 25) 
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and upon substitution from equations 29 this becomes: 


rs 2 : oS 
Mee Bi monte S /2B, v® 2B* - 2B Y2 4B) (mq. 88) 


¢ 2 c® 4 


We shall next find the wave length along the path FH, from 


“atrror A pack to the plate. As may be seen from plate 3, the 


jangle of incidence in this case is: = 2 WS", and by 
equation 35, 
= 


' auth 2 y 
6' =—=>5 + K(A? + 24B - B®) — 
/2 or 


The velocity of the mirror in the direction perpendicular to 


Tr 
itself is given by: u = v cos(@ + 2 Therefore, if we repre- 


sent by a the wave length along this path, we have. 


Ti 
. ~~ c* - vy? cos*(6 4 «) 
a aa 
*o®+y? cos? (O+7 3) “2eveos(@+7 Jeosl— 2 SR (A*42AB-B*)-—) 
2c 


|The simplification of the above fraction leads to the result: 


zm" = S01. + ow cos(e@ + ae + 2 = cos*(6 st ~) 
’ i a 4) 4 


M 
Hos 
1 


er: ES Baie /ou8 = at oF = (Eq. 89) 
al 1 € ce? 


It will be advantageous to have x expressed in terms of the 


fundamental wave length <, so substituting for zt in 89, we 


obtain: 
+ 2 2 2 
= m1 + St Bees, vy peer ess = + 72 AB, (Eq. 90) 


Along the path OB, of course, the wave length remains the 
same 42s incident wave length =. Upon reflection from the 
mirror at B, however, there will be @ change in wave length 
which we shall now calculate. As may be seen from plate 5, the 


incident wave length is in this case equal to 2, while the 


velocity of the mirror Perpendicular to itself is equal to 
(v cos 6). Hence, denoting the reflected wave length by a 


we have: 


= » ee = v? cos* 9 
= c® + v® cos® @ - 2ev cos 8 cos(~ sin 9) 
C 


This in turn will reduce to the expression: 
' ev v* 2 

x = [1 + — cos 6 + 2-5 cos® @] 
2 c Cc 


In terms of A and B, this is? 
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2 2 2 
Lae eee (Eq. 91) 


y= Die =(A + B) + 
c® 2 


The angle of incidence, when the ray is reflected from the 


fe gee . SS stare~coe! @ 
ig eee se Sin @ cos 6. 


| 

| 

( 

o. ; 

ladle 2tuM~ a, (am + gp.) and by equation 17, 
The component of the velocity of the plate perpendicular 


TI 
to itself is: - v sin(® + ae (The negative sign is @ result 
lot the direction of motion toward the source). Calling the 
| 


: 


|wave length of the ray after reflection ae we have: 


: c* - v? einte + 2) 
t 
it Wt a TA Ln = LLL 
| “2 Cc *v?sin?(O+F )+ 2evein(o+2)cos| Sn+Zsine+2sindcoss] 
8 c 


Expanding the functions involved and obtaining the quotient, we 


get as the result: 


n — «lt v,/2 f/2 Veal 2 
z" z ft a(—5 Sin © + cos @ — 008 @) + ws sin? 9 + 
e- 2 = 
+ ae Sin © cos @ + 1- v2 cos” @) 
2] 


When transformed into @n expression involving A and B, this 


becomes: 
4 2 a = 2 
2 2 F 2 cr 4 


Expressing this in terms of the fundamental wave length 2, by 


replacing x from equation 91, we have: 


é f 
¢ — 


; 
- ,t 4 
_ <n | 


= was given by equation 90. This is an important result, 
as it shows that the two final rays, which will be gathered up 
and brought to 2 focus in order that we may observe the fringes 


formed, are of equal wave length. 


SEPARAT® PATHS. 


nature of the paths followed by the two rays of light from the 


1 


it 


: 


x = {1 += 


This, we see by comparison, is identical to the wave length x 


vA+B+ 2B v® op* + /2 AB + /2 B® 
ee ee | (9S) 
Cc 2 e? 4 


12. CALCULATION OF THE NUMBER OF WAVE LENGTHS IN THE 
We shall refer now to plate 9, which shows the general 


ime they leave the plate at 0, until they are recombined by a 


ens to produce the fringes. The various lengths of paths, and 


the wave lengths along these paths as has already been deter- 


ined, a@re as follows: 


Bow. Be -+2BF +? 
F= L1l+ —_-— + ——— —— E 
! foe 4, oF ales 
J Boy. we. RB 
BH = Uf lo ~ coe ae ee Ge hoe 
[ B ait mAs 3 2(1 + /2)KM - (1 + /2)AB)] (Eq. 56) 
—— vA +B v* 3A2 + 2AB + 3B? 
B= L{l + A 5 + = 3 j (Eq. 58) 
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oe @ -/2p F yea? -./2 pe - ofS AB 


E z i ] (fq. 88) 


peace length @long FH: 


| ta 
| vAt+tBt+ /2B_ v® 2B? + /2 AB + /2 BF 

jae = 21 + >t ee 1 im. 90) 
| : 

|\Wave length along OB = = 

ave length 2long BT: 

| 2 2 2 

a v v~ A” + 24B + B 

a ee Sd) (Bq. 91) 

| 

Wave length after reflection from T: 

vA + Bt/e 2 op? + /2 AB + /D B 

mys ni + TATE, eee) im. 93) 


| 

| now, the actual number of wave lengths along any of these paths 
| 

is, of course, given by the result of dividing the length of 
i 

it 

|the path by the wave length along that path. Hence, denoting 


‘the number of wave lengths along the path OF by Ny» we have: 


me aie baa Z a a ba 2A® + 2AB - 2/2 AB + 
. = ee i C 4 
it 2. 2 
| 5p 2/2 B 7] (Bq. 94) 
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Let N. = number of wave lengths along path FH. 
| FH OL vA+B+2/2B y*® A® AB 
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(Eq. 95) 
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+The total number of wave lengths along the path OFH, is: 


Let N. = number of wave lengths along path OB 


&+B8 v* 3A" + @hB + 35B* 


a 
N= sll + C 2 + ec? 8 (Eq. 96) 


Let N, = number of wave lengths along path BT. 


2... v 3(A +B) v® 15A® + 18AB + 7B? + 4/2 A® _ 4/2 B? 
.. ~ sit “ ¢@ 2 “ae 8 ] 
(Eq. 97) 


_ L ¥ Ne 2 iy 2) 2 
ne se “(A + Ble + =g(A® - /2 AB + 3 B® - 2(1 + Y2)KM)) 
(Eq. 98) 


The total number along the path OBT is: 


i 2 2 2 2. 2 
new = He He pha TEOk* + loss + 5RP + 2/0 A® - 2/8 B* ys 
8 2 Py c c® 4 | 


If we subtract the number of wave lengths in the path OFH | 
from the number in the path OBT, we obtain: | 


v® L 54? SAB sB® /2 A® 
(N, i nN) - CN, ; N.) - ee zt 4 5 2 te B23 = 7 2 
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+ 2(1 + /2)Ku] (Bq 99) 


Equation 99 gives the actual number of wave lengths by which 


the path OBT exceeds the path OFHe Since the fundamental wave 
length 2 has been used, this is a measure of the @mount by 


Which path OBT exceeds path OFH,. 


13. ACTUAL DIFFERENCE IN PATH, MEASURED IN TERMS OF 2%, 


| THE FUNDAMENTAL WAVE LENGTH, FROM O TO A LENS EQUALLY INCLINED 


‘ 
' TO THE TWO RAYS IN THEIR FINAL PATHS. 


The co-ordinates of Za s already found, (x0» y,? are: 
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ve Lf YD ths v® 2/2 KB® - /2(1 + 2K)A® - 2/2(1 + nbd 
ee) ae 5 


(Bq. 85) 
| The co-ordinates of T are: 
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Ay We: B)= t - wee es ey (Eq. 78) 
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- A - — ——> ee e 
k L{ ( Boa + oe 2 J (Ea. 79) 
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| and the co-ordinates of F are? 
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: 
We shall now proceed to find FZ. 


| 
| 
| While the details of this computation are fairly lengthy, all 
| 


i the required information ha s been set forward in the preceding 


if 
| | pages. The computation leads to the result: 
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(Eq. 56) 

, Subtracting FZ from FH, we get: 

} 

A Vv 2 2 

(2a = L[i _ eee ee ee 3KM + 2/2 KM + 24B + /2 AB)] 

Ve Pe 4 

i (Eq. 101) 


We shall now find ZT by means of the equation: 
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‘This computation, likewise, although straightforward, is 


/lengthy- However, it leads to the result: 


ame ee 5 a a , 
| Zee ne Ti ae ae * 32 (i pT te 72 - SE KM)}] (Bq. 102) 


, Subtracting ZH from ZT, we obtain: 


: 2 2 a 2 2 
gp -zy=L yA’ - Bey AL. Bos ony + 2/6 xu + /2 AB + AB) 
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| 

| (Eq. 103) 

| Henee, the length ZT exceeds the length ZH by the amount 

| shown as the right hand member of equation 103- This length, 
divided by the wave length along ZH, represents the amount 
(measured in wave lengths) by which the path ZH must be 
Gee. in order to find a point along this path which shall 
| be the same distance from Z as is the point T.- This is 
necessary in order to insure that a lens, placed in the final 
path of the rays, will be equally inclined to both 2H and 2T. 
The wave length along ZH is given by equation 90, as zr and 
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_ we shall now subtract from this the amount N ° 
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-c@lling this small amount by which the path ZH must be increased 


No: we have. 
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+ AB) (Eq. 104) 
Since we have already learned that the path OBT exceeds the 


path OFH by: (see equation 99) 
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to obtain the actual measure of the difference in the length 


(N +N -N -N)-+N = Z 
8 4 1 2 ° = (Bq. 105) 


of the path followed by the two halves of any ray which may 
be incident at 0. 


If, in the right hand member of equation 105, we replace 


A and B from equations 29, we obtain: 
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fringes should be more than twice as great as the maximum dis- 


| pendicular arms. 


CONCLUSION 
The conclusion to be drawn from the foregoing pages is 
that if an interferometer is constructed with its two arms 
making an angle of forty-five degrees instead of the usual 


ninety degrees, the expected maximum displacement of the 


placement shown by an interferometer of similar size with per- 


The actual fringe shift depends upon the effective dif- 
ference in optical path, measured in terms of wave lengths along 
the respective component paths, from the time the ray is first 
divided at the half silvered plate until the two component rays 
are brought to the point of entering a lens placed in the final 
path of the rays so adjusted as to allow the rays to enter the 
lens equally inclined to its axis. The relation is such that 
if the fringes are located for any particular orientation of 
the instrument, and the instrument is then turned through an 
angle such that now the length of the path along one arm changes 
relative to the length of the path along the other arm, this 
change in the relative lengths of the paths will result in a 
shift in the positions of the fringes. Furthermore, the amount 
of displacement of the fringes will be exactly equal in terms 
of the distance between fringes to the change in the relative 
lengths of the two paths measured in wave lengths of the light 
ESTeGl. 


If 6 represents the angle between the principal, or source 


axis of the interferometer and the direction of drift of the 


| earth, the following equation gives the effective path differ- 
ence directly in wave lengths: 


Cen ae 
path difference = = (ein 2.0 + cose 6) 
22 Xd 


A brief analysis of the above equation shows that the 


measure of the path difference, commonly called the "effect", 


ts doubly periodic Pith respect to the angle of drift, 9. 


For setting the right-hand side equal to zero, we obtain: 


tan 2 6 = -1 from which we have the following values of 8; 


674°, 15739, 247359, and 33739. As is shown in plate 10-A, 


these angles place the instrument in the four positions which 


make the arms symmetrical with respect to the drift. Next, 
differentiating the right-hand side with respect to ® and set- 
ting the derivative equal to zero, we obtain as the angles for 
maximum or minimum effect 6 = 223°, 11239, 20249, ana 2923°. 
As may be easily seen by inspection, the angles 222° and 2023° 
each give maximum values (positive) to the path difference 
function, while 1124° and 2924° result in minimum values. 
Thus, for one complete rotation of the interferometer, the 
effect passes through two maxima, two minima, and four zero 
values, which means that it is doubly periodic. This is to be 
expected, since, as plate 10-A shows, regardless of the angle 
between the arms, there will be four positions of the instru- 


ment which will cause the arms to occupy synmetric positions 


with respect to the drift so that their optical paths will be 


equal. 
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=== = = — - a =f 


The maximum difference in path is of course only one-half 
of the maximum fringe shift to be expected since, as the inter- 
ferometer is rotated, first one arm has the longer path, and 
then the other,which causes the fringes to shift first in one 
direction and then in the opposite, the maximum displacement 
being the arithmetic sum of these two displacements. Evaluat- 
ing the formula found for angles giving the greatest shift in 
either direction, we obtain as the actual expression for the 


re 
total fringe displacement: 5 Ve - : 
C 


Comparing this with the effect which is to be expected 
from an interferometer whose arms are perpendicular, we take 
this value from D. C. Miller's paper »* total fringe displace- 


Q Ve 


ment is 2 ak: iiss value is the one used by Maller to 


reduce all his observed shifts to relative velocities between 
the earth and ether. A comparison of the two values shows thatll 
the former is more than twice as great as the latter, and plate 
10-C shows graphically how the expected shifts would compare in 
magnitude. This plate also shows the phase relationship be- 
tween the two cases. Another comparison may be made on the 
basis of the interferometer actually used by Miller in his 
Mount Wilson experiments. Here the arms were such that : 
equaled 112,000,000, and with the arms perpendicular should 
have produced a shift of 1.12 fringes. With the arms at an 
angle of forty-five degrees, the expected shift would amount 

tO 2,07 feinees. 
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The formula of W. B. Cartmel was mentioned in the intro- 
duction. Mr. Cartmel gave an equation for finding the fringe 
shift as follows: 


Lia 
es 


hy 
u 
a 


lwhere m, is equal to ninety degrees minus the angle between the 
end mirror normals. For the case where the arms are inclined 
lat forty-five degrees, then, this becomes: 


= tve 
F as = (sin 2 8 + cos 2 8) 


which is only two-thirds as great a shift as that shown by the 
equation which the author derived. 

In the introduction the author mentioned an apparent diffi- 
culty in Cartmel's equation. According to his definition of 


Mi. , if the two arms are taken parallel to each other, (L be- 


comes ninety degrees, and his expression for the shift becomes; 


pe 2bVe 5, 90° sin (2 @ 4 90°) or 
Ace 
Pease +e cos 2 8 
It appears as if an effect is predicted when the two arms 
are taken parallel to each other, which does not seem reason- 
able. 
Briefly, then, the contents of this paper indicate that 
the efficiency of an interferometer when used in connection 
with the ether drift experiment is more than doubled by making 
the arms inclined with respect to each other, forty-five degrees 


instead of ninety degrees. 
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At this time the authorwwishes to express his sincere 
appreciation for the inspiring guidance and the numerous 
helpful suggestions received from Dr. Royal M, Frye, under 


whose direction this problem has been carried out, 
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urement of the ether drift by the use of an interferometer 


—- 


COMPREHENSIVE DIGEST 


This dissertation investigates the theory of the meas- 


whose arms @re inclined at an angle of forty-five degrees 
instead of the conventional ninety degrees. The investigation © 


is based upon two hypotheses, both of which are extensively 


used in explaining the Phenomena of physics. The first of 
these hypotheses is: light is propagated as a wave disturbance, 
according to Huygen's principle. The second hypothesis is: 
there exists a stationary medium through which this distur- 
bance known @s light is propagated, and with respect to which 
the earth is moving with some relative velocity. 

The principle of the interferometer is well known to 
Physicists. <A beam of light striking a half silvered mirror 
is divided, part of the light being reflected from the plate 


so as to follow one path, and the other part passing through 
the plate to a second path. At the ends of their respective 
paths, each ray is reflected so as to return to the plate, 
where again one beam is reflected and the other allowed to 
pass through, and finally both rays are brought to 42 focus 


by @ lense Now the division and subsequent reuniting of a 


beam of light under these conditions creates what are known 
among Physicists as "interference fringes". Also, if the 


two hypotheses mentioned in the first paragraph are correct, 


68 


orientation of the instrument with respect to the motion of 
the earth through the ether. The interference fringes themn- 
selves @re due to the phase relationships between the wave 
fronts of the reunited rays, and these in turn are affected 
_by the amount and the direction of the motion of various parts 
of the interferometer itself, during the time while the beam 

: of light is in passage from the plate to the lens. Conse- 

| quently as the interferometer is turned in different directions 


these interference fringes will show slight displacements, 


unless its axis of rotation happens to be Perpendicular to the 
direction of the absolute velocity of the earth. 

| In carrying out the investigation, the path of each beam 
of light is carefully tr@éced, from the time it impinges upon 


| the plate, until it enters the lens placed in its final path. 
Due to the motion of the plate and of e&ch mirror, small 
changes occur in the angle of reflection, so that it is no 


longer equal to the angle of incidence, but instead is given | 


by the relation: 


' ~ 
‘ag Es Bet 
2] e-u 2 


where g is the angle of incidence, ¢' the angle of reflection, 


the location of these fringes should depend slightly upon the 
ec is the velocity of light, and u is the velocity of the 


reflecting surface in the direction Perpendicular to this | 
surface, taken positive when the motion is away from the source. 


length of the light along the various pathse The formula used 


. here is the well known relations 


/expression arrived at as giving the angle between the rays in 


their final paths is found in equation 26. This equation is. 


| the length of each path is found. Corrections are made for 


The first step in the dissertation is the careful calculation 
of each angle involved in the light paths. During these and 
in all subsequent calculétions, the angle between the principal | 


or source axis of the instrument and the direction of the 


velocity of the earth, 1s carried along as a parameter, 9. The 


b=] 


|< 


a= (1.2071067818 )(sin 26 + cos 20) 


Q 
” 


After determining the effect of the motion upon the angles 
involved in the path, the precise effect of the motion upon 


the small displacements of the plate and the mirrors while the 


ray is in passage from one to the other, and the exact length 
of the path is determined. 


The next step taken is the determin@étion of the true wave 


sin g = 5 
sin ¢' = 


where g is the angle of incidence, g' the angle of reflection, 
xX is the wave length of the incident light, and =' is the 
wave length of the reflected light. Then, by dividing the 
wave length along each path into the length of the path, the 


5 a a ee ee a = —— ppbrangs = — io = a 
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total number of wave lengths along each path is found. The 


|number of wave lengths along each path contained between the 


| 
| Plate and the lens is then compered, in order to determine | 
“the relative lengths of the two paths. | 


| A point very carefully considered is the location of the 


ater so that the rays will be equally inclined to the axis of 


\ 
‘the lense This is accomplished by determining the intersection 


of the rays in their final paths, and calculating the exact 
the shorter of these two distances is increased by an amount 


| sufficient to make the two distances equal, so that if a lens 


distance along each ray from this point to the plate. Then 


ve inserted at this point, or at any point along the final path 


| parallel to this position, the two rays will be equally inclined 


to its axise 
| 
In making the calculations of these paths and angles, 


the method of expanding into series is used. It is found that | 


each may be expressed in & power series in ~, where v is the 


velocity of drift and c is the velocity of light. Since = 


is small, these power series converge very rapidly, in fact, 


| they converge so rapidly that all terms of @ higher order than 


the second are discardede To this order of approximation, 
both the sine and the tangent of an angle are equal to the 
angle itself, a fact frequently made use of. 


(; The final conclusion of the dissertation is arrived at 


| after some forty-seven pages of mathematical deductions. The 


equation for the difference in the lengths of the paths is ! 
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‘given by equation 106 as: 


eA 26 + cos 20) 


| 3 y* 
a + ee 
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‘Now the displacement of the fringe system is related to the 
‘path difference in such 4 way that a change in the length of 
‘one path relative to the other of an amount equal to one wave 
‘length, causes 4 shift equal to the width of one fringe. 
‘Hence, the above formula gives the displacement of the fringe 
| Stes from a Zero position, as the interferometer is rotated 


to make different angles with the direction of drift. A study 


(of the above equation shows, then, that the total fringe shift 


Which may be expected from an interferometer with arme inclined 


be forty-five degrees, is: 
| 


vy? 


= 3/6 — 


Q 
Mitt 


| 
“Comparing this with the total fringe shift obtainable from a 


‘rectangular interferometer, namely: 


y 
H 
! 
| 


| 
}) 


| We see that the expected fringe shift is more than doubled 
‘py this simple change in the construction. 
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Appendix A 


PROOF OF EQUATION 3, THE LAW OF REFLECTION FROM A MOVING 


} 


- SURFACE. 


| 
| The left hand sketch on plate 8-A is to be used in con- 


nection with this discussion. AA'A" represents the surface of 


@ mirror moving in the direction v as shown by the small 


| velocity diagram. Let g = the angle of incidences While the 


| ray of light tr@vels from B to B', the mirror moves from A' to 


ys Let the common time required be t- Suppose AB to repre- 


| Sent & wave front traveling 4s showne By the time point B of 
| the wave front overtakes the mirror at B', the points between 
{} 

A and B have already been reflected from the mirror, giving 


‘rise (according to Huygen's princivle) to a series of circular 


{ 


} ; 
| expanding waves which blend in a manner to form the reflected 


_ wave front B"B'. In other words, while the incident ray of 


i 


light travels from B to B', the reflected rey travels from A 
1! 


| to B", and similarly for all points between A and B. Then: 


| BB’ = ct 


A"B! = ut 


In the right triangles ABB’ and AB"B' 


AB' is common to e@ch and AR" = BB' 
a 1 
| Therefore: g+ al ‘= p-a 


ie 


sos; a = 


_a@nd sin @ = sin 


g' 2% A"B! 
“2 Ap! 


fret =. gi. +g 
“2 ~ 2 


gig _ Bet 


Therefore: sin(g + a) = sin 


2 AB' 
t 

sin ie ; 

Hences = = ai ct = £& 
~ es -s #3’ “ut 
2 

g' g g' g 

in(—— + =—)- sin(—— - = 
, a mia 2 5 Be -u 
' : g a ctu 


sing + ar sin(— - a) 


Expanding the left hand member: 


t 
cos g sin g tan — 
2 2 me age ® ». 2 
a : : 
g' g ~ a tan g 
sin BD C0ss 
' e¢u g 
And therefore: tan — = tan = Q. E. D. 
2 C= y 2 


Here the direction of drift has been assumed away from the 


incident light, hence v is posituve when the mirror moves away > 


from the source, and negative when the plate moves toward the 


source, Of incident light. 
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Appendix B 


DERIVATION OF EQUATION 10 FROM EQUATION 9 


Equation 9 is: 
i | 
8 


gi 3 Vv 3 n, 1 3 | 
tan 5- = tan je ™ + fe tan fe 7 sin(e + 5) 3 sec* re W sin 6) | 


v® 5 Tl z 5) 3 
= sete tan ig sin*(@ + 3) * rh taniz sec Tas sin*e 


i Ti 2 2 
) sin @ sin(9 5 Bee 16 n 


Treating the coefficient of < in the above, by expanding out 


Bin(e + = and substituting the values of known consté@nts, we 


find it becomes? “[ .5114017893(sin @ + cos @)] 
& 
| The coefficitnt of = in equation 9 may also be expanded and 


evaluated for known constants, with the result: 


2 
| ~[ -0459188760 sin® @ + 23914099850 sin © cos 6 + 
ie 
°1957049920 cos*e ] 


Hence, substituting the numerical value of tan =~ TT, we get 


for equation 10 the result: 


g 
| tan = = .6681786378 + =[ «5114017893( sin @ + cos @)] + 


2 
“{ -0459188760 sin? @ + .3914099850 sin © cos 6 + 
¢ 


| 41957049920 cos? e] 


CHANGE IN WAVE LENGTH ACCOMPANYING REFLECTION FROM A MOVING 


Appendix C 


SURFACE. 
Due to the fact that when light is reflected from a 


moving surface the angle of reflection is not exactly equal to 
the angle of incidence, there is an accompanying change in 
wave length. The right hand figure shown on plate 8-A 
illustrates the geometric picture, and from the results shown: 
A,= AB sin g, A,= AB sin g', we draw the conclusion that: 
Ars on where and A, refer to the wave lengths of the 

», sin g' q 

incident and reflected light, respectively, and g and g', to 


the angles of incidence and reflection. 


Appendix D 


DERIVATION OF THE EQUATION GIVING THE REFLECTED WAVE LENGTH 


AS A FUNCTION OF THE VELOCITIES AND THE ANGLE OF INCIDENCE 
(Equation no. 87) 


If g is the angle of incidence, g' the angle of reflection, 


¢@ = the velocity of light, u = velocity of reflecting surface 


in the direction perpendicular to itself, positive when the 
surface moves away from the source, = = the wave length of the 
incident light, and =' the wave length of the reflected light, 
the following equations have been derived in parts A and C of 
the appendix: 


g' tt g 
tan — = a = 1 
A F a Ba (1) 
= Sin ¢' 
— = g (2) 
sin . 


(C t+U) TAN & 


iF = —— — —_ ——— anes — 


It is evident that the hypotenuse above may be written: 


¥e2(1 + tan? g) + u®(1 + tan) + 2eu(tan® - 1) 


| c® + u®? d 

| + 2cu(tan? = -1 

\ aos ae u(tan : ) 
cos® 5 


Also: cos —= 
2 


Cc 


+ u 
ie + 2cu(tan*® g 
cos? 2 2 


Z 


| g' (ec + u) si £ 
)Hences sin — = (eee - 
. c* E u® + 2cu(tan? g & 1) cos g 
cos* g “ . 
| 2 
g 
4 (ec + u)sin 5 
| ee + u*® + 2cu(sin* g - cos® —) 
1 
g 
| e (ec + u) sin 2 
| c* + u® = 2eucos 
| 
| cos g 
: (c - u) 2 


g 
(ec - ujcos x 
: ce? + u® - 2cu cos ¢g 


Now substituting in the trigonometric identity: 


| ’ ‘ 
sin g' = 2 sin Be eege PE 


2 2 


site. cate nt 
| (c u*)sin 5 008 


1] 
| c® + u® =~ 2eu cos g 


ie ee u*)sin g 
c*® + u® - 2cu cos g 


‘or, We may write: 


sin g' é° - v* 
i haneemtemeetieed ae ey 
sin g c® + u® = 2cu cos g (3) 


and by equation 2: 


|e e* 
ne e® + u® - 2cu cos g 


| 
| t 
| 
\ 


From this follows equation no. 8lin the main body of the 


| 
| thesis$ 
: (e* - u®) 


i z' = 
| rae. 
| c® + u® - 2eu cos g 
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